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a b s t r a c t
A set S of vertices of a graphG is a geodetic set if every vertex ofG lies in an interval between
two vertices from S. The size of a minimum geodetic set in G is the geodetic number g(G)
of G. We find that the geodetic number of the lexicographic product G ◦ H for a non-
complete graph H lies between 2 and 3g(G). We characterize the graphs G and H for which
g(G ◦ H) = 2, as well as the lexicographic products T ◦ H that enjoy g(T ◦ H) = 3g(G),
when T is isomorphic to a tree. Using a new concept of the so-called geodominating triple
of a graph G, a formula that expresses the exact geodetic number of G ◦ H is established,
where G is an arbitrary graph and H a non-complete graph.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
The geodetic number of a graph was introduced by Harary, Loukakis and Tsouros [12] and the calculation of the geodetic
number is an NP-hard problem for general graphs [1]. Later on several authors considered this concept and other related
invariants in various classes of graphs. The literature on these concepts is extensive and has been surveyed in two papers: an
overview of earlier results can be found in [8], while in [3] the authors concentrate on recent studies of the geodetic number
and related concepts.
The geodetic number was studied also with respect to products of graphs (see [14] for a comprehensive introduction
to the four standard products of graphs: Cartesian, strong, direct, and lexicographic). The geodetic number of the Cartesian
product of two arbitrary connected graphs was investigated in [2,15], and sharp lower and upper bounds were obtained.
In [2] the exact value for the geodetic number of the Cartesian product of two trees was obtained and in [17] the geodetic
number of the Cartesian product of a tree and a complete graphwas established. The geodetic number of Cartesian products
with complete graphs was studied in [3,17].
The behavior of the geodetic number with respect to the strong product G  H was recently investigated in [5]. Some
sharp general bounds and the exact values in the case when both factors are extreme geodesic graphs (i.e. the graphs in
which the set of simplicial vertices is geodetic) were established. In addition the geodetic numbers of the strong products
of some basic families of graphs, such as paths, complete graphs and cycles were calculated. The authors also found the
necessary condition under which g(G  Kn) = g(G) holds.
Cagaanan andCanoy in [6] studied the geodetic number of the lexicographic productG◦Kn (they use the termcomposition
of graphs for this product). In fact, they established the exact expression for the geodetic number of G◦Kn, that is they solved
the case when the second factor is a complete graph.
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Our aim is to explore the geodetic number of lexicographic productswhere the second factor is not restricted to complete
graphs. In the next section we introduce the new concept of the so-called geodominating triple that enables us to obtain a
formula for the exact value of the geodetic number of the lexicographic product G ◦ H , where H is not a complete graph.
(We mention that in [11] a different concept was introduced recently that also combines geodetic and dominating sets.)
In Section 3 we find some natural lower and upper bounds that are easier to compute than the geodominating triple, and
characterize lexicographic products for which g(G◦H) = 2. In the concluding sectionwe study lexicographic products T ◦H ,
where T is isomorphic to a tree and obtain exact formulas for the geodetic number of such products which depend on the
structure of a given tree T and properties of H . We also characterize the trees T for which the natural upper bound 3g(T )
in lexicographic products T ◦ H is attained as soon as H has the property that either its geodetic number or its diameter
exceeds two.
In the rest of this section we fix the notation and present basic concepts. All graphs in this paper are connected, simple
and finite. The degree of a vertex v in a graph G is denoted by degG(v). The distance dG(u, v) between vertices u and v in G
is the length of a shortest u, v-path in G. A shortest u, v-path is also called a u, v-geodesic. The length of a longest geodesic
in G is called the diameter of G, denoted diam(G).
Let G be a graph. For a vertex u ∈ V (G)we denote by NG(u) = {u′ ∈ V (G); uu′ ∈ E(G)} the (open) neighborhood of u in G.
A vertex u ∈ V (G) is a universal vertex ifNG(u) = V (G)\{u}. The (closed) interval IG[u, v] between vertices u and v in a graph
G is the set of vertices that lie on a shortest path between u and v in G. The open interval IG(u, v) is defined as IG[u, v] \ {u, v},
that is, we remove the end-vertices from the closed interval. Let S be a set of vertices of a graph G. Let IG[S] denote the union
of intervals between all pairs of vertices from S, i.e. IG[S] = ∪u,v∈S IG[u, v]. A set S of vertices of G for which IG[S] = V (G) is
called a geodetic set of G. The geodetic number g(G) is theminimum cardinality of a geodetic set. It is well known (cf., say [7])
that every simplicial vertex (i.e. a vertex whose neighborhood induces a complete subgraph) is contained in every geodetic
set. Hence, denoting by S(G) the set of all simplicial vertices in G, we can write every geodetic set S of G as the disjoint union
of S(G) and some other set C(S). A subset S ⊆ V (G) is a 2-geodetic set of G if for each x ∈ V (G) \ S there exist u, v ∈ S such
that x ∈ I(u, v) and d(u, v) = 2. The 2-geodetic number g2(G) of a graph G is the minimum cardinality of a 2-geodetic set of
G, see [10,16].
A subset D of vertices in G is called a dominating set if every vertex not in D has at least one neighbor in D [13]. A total
dominating set is a set D of vertices from G such that all vertices in G (including the vertices from D itself) have a neighbor
from D [9].
The lexicographic product of graphs G and H is the graph G ◦ H with the vertex set V (G)× V (H) and the edge set:
E(G ◦ H) = {(a, x)(b, y) | ab ∈ E(G), or a = b and xy ∈ E(H)}.
Note that G◦H andH ◦G are not isomorphic in general. One can imagine obtaining G◦H by blowing up each vertex of G into
a copy of H . For g ∈ V (G), the H-layer gH is defined as gH = {(g, h) ∈ V (G ◦ H) | h ∈ V (H)}. Similarly, the G-layer through
h ∈ V (H) is defined, and denoted Gh. For a set A ⊆ V (G ◦ H)we denote pG(A) = {g ∈ V (G) | (g, h) ∈ A for some h ∈ V (H)}
projection ofA onG. Throughout the paperwe consider nontrivial lexicographic product (i.e. none of the factors is isomorphic
to K1). The distance between two vertices in lexicographic product depends on whether they lie in the same copy of H:
dG◦H((g, h), (g ′, h′)) =
dG(g, g
′); if g ≠ g ′,
1; if g = g ′ and hh′ ∈ E(H),
2; if g = g ′ and hh′ ∉ E(H).
2. Geodominating triple
Let G be a graph. We say that an ordered triple (A, B, C) of (possible empty) pairwise disjoint sets A, B, C , with A, B, C ⊆
V (G), is a geodominating triple of G if for every vertex x in G− C one of following holds:
• there exist u, v ∈ A ∪ B ∪ C such that x ∈ IG(u, v), or• there existsw ∈ B ∪ C such that x ∈ NG(w).
For an easier understanding of the concept note that we may view the role of vertices from A as end-vertices of
open intervals in G, vertices from B in addition (to their role as end-vertices of open intervals) also dominate their open
neighborhoods, while vertices from C , in turn, dominate also themselves. For example, consider the wheel W5, that is the
graph that consists of the 4-cycle abcda and the vertex e that is adjacent to all other vertices. For A = {a, b, c, d}, B = ∅, C =
∅, the triple (A, B, C) is a geodominating triple of W5. Another geodominating triple we obtain by taking A = {a, c}, B =
{e}, C = ∅. If A = ∅, B = ∅, C = {e} then (A, B, C) is also a geodominating triple ofW5.
Note that if D is a dominating set of G, then (∅,∅,D) is a geodominating triple of G, and if D is a total dominating set, then
(∅,D,∅) is another geodominating triple of G. Note that B and C cannot both be empty, unless G has no simplicial vertices. In
that case, if (D,∅,∅) is a geodominating triple, then D has the property that every x ∈ V (G) lies on an open interval between
two vertices from D.
Theorem 2.1. Let G be a nontrivial graph and H a connected graph which is not complete. Then
g(G ◦ H) = min{|A| + 2|B| + g2(H)|C |; (A, B, C) a geodominating triple of G}.
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Proof. Let (A, B, C) be a geodominating triple of a nontrivial graph G. Let D be a minimum 2-geodetic set of a non-complete
graph H . Let h1, h2 ∈ Dwith dH(h1, h2) = 2 (note that such h1 and h2 exist, since a 2-geodetic set of a non-complete graph
cannot induce a complete subgraph). We claim that
T := (A× {h1}) ∪ (B× {h1, h2}) ∪ (C × D)
is a geodetic set of G ◦ H . Let (x, y) be a vertex in G ◦ H . First assume that x ∈ C and y ∉ D (if y ∈ D then (x, y) already
belongs to T ). Since D is a 2-geodetic set of H , there exist a and b in D ⊆ V (H) with dH(a, b) = 2 such that y ∈ IH(a, b).
We infer by the structure of G ◦ H that (x, y) ∈ IG◦H((x, a), (x, b)) where (x, a), (x, b) ∈ C × D. Now take x ∈ G − C .
Since (A, B, C) is a geodominating triple of G either x lies in the open interval between two vertices, say u, v ∈ A ∪ B ∪ C ,
in G or there is w ∈ B ∪ C such that xw ∈ E(G). If x ∈ IG(u, v) then obviously (x, y) ∈ IG◦H((u, h1), (v, h1)), and
(u, h1), (v, h1) ∈ T . If xw ∈ E(G) where w ∈ B ∪ C we derive (x, y) ∈ IG◦H((w, h1), (w, h2)), and (w, h1), (w, h2) ∈ T .
Thus an arbitrary (x, y) ∈ G ◦ H lies in an open interval between two vertices from T , so the claim is proved. It follows that
g(G ◦ H) ≤ min{|A| + 2|B| + g2(H)|C |; (A, B, C) a geodominating triple of G}.
For the reversed inequality we need to prove that given a minimum geodetic set S of G ◦H , there exists a geodominating
triple (A, B, C) of G and a (minimum) 2-geodetic set D of H such that |A| + 2|B| + |C ||D| ≤ |S|. We distinguish two cases.
Case 1. g(H) = 2 = diam(H).
Let h1, h2 ∈ V (H) be the vertices such that IH [h1, h2] = V (H). Then for any g ∈ V (G) in the interval IG◦H [(g, h1), (g, h2)]
lie all the vertices from gH , and all the vertices from the neighboring H-layers, i.e. the layers g
′
H , where g ′g ∈ E(G). Denote
by C ′ the set of vertices u from G such that |uH ∩ S| ≥ 2, and let A′ be the set of vertices u from G such that |uH ∩ S| = 1.
We claim that (A′,∅, C ′) is a geodominating triple of G. Suppose there exists x ∈ G− C ′ with the properties that there exist
no two vertices a, b ∈ A′ ∪ C ′ such that x ∈ IG(a, b) and that xw ∉ E(G) for everyw ∈ C ′. Then, by the structure of G ◦ H we
find that the vertices from xH do not lie on any (closed) interval between two vertices from S, with the possible exception
of one vertex from xH ∩ S (since x ∉ C ′ there can be only one such vertex, when x ∈ A′). We infer that all other vertices from
xH do not lie on the interval between two vertices from S which is a contradiction. Thus (A′,∅, C ′) is a geodominating triple
of G. Now, from the first part of the proof we infer that the set S ′ = (A′ × {h1})∪ (C ′ × {h1, h2}) is a geodetic set of G ◦ H of
size |A′| + g2(H)|C ′| ≤ |S| = g(G ◦ H).
Case 2. ¬[g(H) = 2 = diam(H)].
Let h1, h2 ∈ V (H) be any two non-adjacent vertices from H (two such vertices exist, since H is not complete). Then for
any g ∈ V (G), in the interval I[(g, h1), (g, h2)] lie all the vertices from the neighboring H-layers, i.e. the layers g ′H , where
g ′g ∈ E(G), yet not all the vertices from gH lie in I[(g, h1), (g, h2)], since g2(H) > 2 or diam(H) > 2. Let {r1, . . . , rk}
be a minimal 2-geodetic set of H (note that k ≥ 3). Then for any g ∈ V (G), in the union ∪ki,j=1 I[(g, ri), (g, rj)] lie all the
vertices from gH , and all the vertices from the neighboring H-layers. Denote by C ′ the set of vertices u from G such that
|uH ∩ S| ≥ g2(H), let B′ be the set of vertices u from G such that 2 ≤ |uH ∩ S| < g2(H), and let A′ be the set of vertices
u from G such that |uH ∩ S| = 1. We claim that (A′, B′, C ′) is a geodominating triple of G. Suppose to the contrary that
for some x ∈ G − C ′ there exist no two vertices a, b ∈ A′ ∪ B′ ∪ C ′ such that x ∈ IG(a, b) and that x ∉ NG(w) for every
w ∈ B′ ∪ C ′. Since x ∉ C ′, there exists an (x, v) ∈ V (xH)− S such that (x, v) ∉ ∪IG◦H((x, c), (x, d))where the union is over
all pairs (x, c), (x, d) ∈ V (xH) ∩ S. Similarly as in Case 1 note that (x, v) cannot belong to any open interval between two
vertices from S, which is a contradiction with S being a geodetic set. Hence (A′, B′, C ′) is a geodominating triple of G. Again,
we derive that for any h ∈ V (H) the set S ′ = (A′ × {h}) ∪ (B′ × {h1, h2}) ∪ (C ′ × {r1, . . . , rk}) is a geodetic set of G ◦ H of
size |A′| + 2|B′| + g2(H)|C ′| ≤ |S| = g(G ◦ H). 
3. Natural bounds
Although the previous section provides the exact value of the geodetic number of the lexicographic product of two graphs,
it is sometimes useful to find also some natural lower and upper bounds that are easier to compute. Often the bounds on
invariants of graph products are expressed in terms of the same (or related) invariants of the factors. We shall obtain such
a result for the upper bound, yet for the lower bound it will be shown that there is no such bound.
It is clear that for nontrivial graphs G andH, g(G◦H) ≥ 2. It was shown in [6] that for a connected graph G, g(G◦Km) = 2
if and only if either g(G) = 2 and m = 1 or G = K1 and m = 2. In our characterization of the lexicographic products G ◦ H
with geodetic number 2 the graph H is arbitrary (not necessarily complete).
Theorem 3.1. Let G andH be arbitrary nontrivial graphs. Then g(G◦H) = 2 if and only if G contains a universal vertex, g(H) = 2
and diam(H) = 2.
Proof. Suppose that G contains a universal vertex g . Let diam(H) = 2 and {h1, h2} a minimum geodetic set of H . Then
dH(h1, h2) = 2 and every h ∈ V (H) \ {h1, h2} is adjacent to both h1 and h2. Thus also every vertex in gH is adjacent to
both (g, h1) and (g, h2)which are at distance two in G ◦ H . Hence every vertex in gH lies in IG◦H((g, h1), (g, h2)). The same
holds also for any vertex (g ′, h) ∈ V (G ◦ H), g ′ ≠ g, h ∈ V (H), since g ′ and g are adjacent in G. Hence {(g, h1), (g, h2)} is a
minimum geodetic set of G ◦ H .
To prove the converse, suppose that g(G ◦ H) = 2 and {(g1, h1), (g2, h2)} is a minimum geodetic set of G ◦ H . If g1 ≠ g2,
we observe that no vertex from g1H except (g1, h1) lies on a geodesic between (g1, h1) and (g2, h2), which is a contradiction
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Fig. 1. The graph D3 .
with {(g1, h1), (g2, h2)} being a geodetic set of G ◦ H . Hence g1 = g2. Thus g(H) = 2, otherwise there would exist a vertex
in the H-layer g1H that would not lie in the interval between (g1, h1) and (g1, h2). Note that dG◦H((g1, h1), (g1, h2)) = 2 (it
cannot be 1, otherwise H would be a complete graph and diam(H)would be 1), hence every vertex in G ◦H lies on a 2-path
between (g1, h1) and (g1, h2), from which it is clear that diam(H) = 2. The same fact also implies that every vertex in G ◦H
which does not lie in g1H is adjacent with (g1, h1) (and (g1, h2)). Hence in G every vertex is adjacent with g1, thus g1 is a
universal vertex in G. 
In general, the lower bound cannot be described only in terms of the geodetic numbers of factors. There are classes of
graphs, where both factors can have arbitrarily large geodetic number, while their lexicographic product has bounded or
even fixed geodetic number. Let An be the graph constructed in the following way: take the disjoint union of n 4-cycles and
another vertex c , and join every vertex of every 4-cycle with c. Note that g(An) = 2n. The star K1,m is the graph in which one
vertex is adjacentwith every other ofm pairwise nonadjacent vertices. Clearly, g(K1,m) = m. Let a and b be arbitrary vertices
in K1,m,m ≥ 4 at distance two. Then (c, a) and (c, b) are also at distance two in An ◦ K1,m and since c is universal in An every
vertex (x, y) ∈ V (An ◦ K1,m) for x ≠ c is adjacent to both vertices (c, a) and (c, b) so (x, y) lies in the interval between them.
Let e and f be arbitrary vertices in An that belong to different 4-cycles in the above construction of An. Then (c, y) where
y is arbitrary vertex from K1,m lies in the interval between (e, a) and (f , a). We infer that {(c, a), (c, b), (e, a), (f , a)} is a
geodetic set of An ◦ K1,m and g(An ◦ K1,m) ≤ 4 for m ≥ 4 and n ≥ 2. One can check that at least 4 vertices are needed to
obtain a geodetic set of An ◦ K1,m, hence g(An ◦ K1,m) = 4 form ≥ 4.
Unlike the lower bound, the upper bound for the geodetic number of lexicographic products can be described in terms
of the geodetic numbers of factors. As soon as H is not complete, it is three times the geodetic number of the first factor.
Proposition 3.2. Let G be a connected nontrivial graph and H a nontrivial connected graph that is not a complete graph. Then
g(G ◦ H) ≤ 3g(G)
and the bound is sharp.
Proof. Let D be a minimum geodetic set of G. Then D is a disjoint union D = S(G) ∪ C(D)where S(G) is the set of simplicial
vertices of G (each of S(G) and C(D) can also be an empty set). We construct a geodetic set D′ in G ◦ H in the following way.
First, for every vertex g ∈ D we put one vertex from gH to D′. Then for an arbitrary simplicial vertex g ∈ S(G) we put two
nonadjacent vertices from aH to D′ where a ∈ NG(g); and for every g ∈ C(D)we put to D′ one vertex from g1H and one from
g2H , where g1, g2 are nonadjacent neighbors of g in G. It is clear that g(G ◦ H) ≤ |D′| ≤ 3|D| = 3g(G).
A large family of graphs with g(G ◦ H) = 3g(G)will be presented in the next section. 
Note that if G is a connected nontrivial graph without simplicial vertices, then even if H is complete (but not isomorphic
to K1 or K2), we have the same bound, that is g(G ◦ H) ≤ 3g(G). This bound is sharp as can be seen by the following
family of graphs. The so-called squared daisies Dk were introduced in [4] as follows: let c be a vertex with neighbors
p1, p2, . . . , p2k and for every pair of vertices pi, pi+1, i ∈ {1, 3, 5, . . . , 2k − 1} let there be a vertex oi adjacent to pi and
pi+1, i ∈ {1, 3, 5, . . . , 2k − 1}. See Fig. 1 where D3 is depicted: to obtain a minimum geodetic set of D3 ◦ Kn we put one
vertex in every H-layer except the layer cH .
4. Trees
In this section we study the lexicographic products T ◦ H , where T is isomorphic to a tree. It is clear that the set of all
simplicial vertices of a tree T (i.e. the set of all leaves L(T )) is the uniqueminimumgeodetic set of a tree [7]. First, we consider
the case whenH is a complete graph. It is not hard to see that g(T ◦Km) = m|L(T )| for any tree T (which also follows from [6,
Corollary 2.12]).
In examining the cases when the second factor of the lexicographic product is not a complete graph, we use the following
notions. A support vertex of a tree is a vertex that is adjacent to a leaf of the tree. We call the set of all support vertices of a
tree T the support set of T and denote it SL(T ). The size of SL(T ) shall be denoted by ς(T ).
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Proposition 4.1. Let T be an arbitrary tree on at least three vertices and H a graph with diam(H) = 2 and g(H) = 2. Then
g(T ◦ H) = 2ς(T ).
Proof. Let T be an arbitrary tree not isomorphic to K1 nor to K2 and SL(T ) its support set. Let A = {h1, h2} be a geodetic set
of H , which is a graph with diam(H) = 2 and g(H) = 2. Then it is straightforward to verify that SL(T )× A is a geodetic set
of T ◦ H . Thus g(T ◦ H) ≤ 2ς(T ).
Let D be a minimum geodetic set of T ◦ H . Let a be an arbitrary support vertex. Denote by La(T ) the set of all
leaves of T that are adjacent to a. It is obvious that the set (aH ∪ (La(T ) × V (H))) ∩ D cannot be empty. Suppose that
|(aH ∪ (La(T ) × V (H))) ∩ D| = 1. Let h1, h2 be any two vertices in H , and suppose (u, h1) ∈ D, where u ∈ La(T ). It
is clear that dT◦H((u, h1), (v, h)) = dT◦H((u, h2), (v, h)) for any v ∈ V (T ) − {u} and any h ∈ V (H). Thus (u, h2) does
not lie in any interval between two vertices from D, a contradiction. If (a, h1) ∈ D, then clearly no vertex from uH for an
arbitrary u ∈ La(T ) lies in the union of intervals between vertices from D, a contradiction with D being a geodetic set. Thus
|(aH ∪ (La(T )× V (H))) ∩ D| ≥ 2. We derive that g(T ◦ H) ≥ 2ς(T ). 
In the final and most difficult case H is a nontrivial graph not isomorphic to Kn such that g(H) > 2 or diam(H) > 2. We
also need to introduce the following subsets of SL(T ). Let SL0(T ) be the subset of SL(T ) containing the support vertices that
lie on an open interval between two other support vertices from T and the support vertices that are adjacent to some vertex
from SL(T ) in T . Let SL1(T ) = {v ∈ SL(T ) \ SL0(T ); ∃x, y ∈ SL(T ) \ SL0(T ), x ≠ y, dT (v, x) = dT (v, y) = 2} and SL2(T ) =
SL(T )\(SL0(T )∪SL1(T )). Clearly the sets SL0(T ), SL1(T ) and SL2(T ) are pair-wise disjoint and SL(T ) = SL0(T )∪SL1(T )∪SL2(T ).
Let ς ′(T ) = |N(SL1(T )) \ L(T )| and ς ′′(T ) = |SL2(T )|.
Theorem 4.2. Let T be a tree, not isomorphic to K1,n and H a connected graph on at least three vertices such that g(H) > 2 or
diam(H) > 2. Then
g(T ◦ H) = 2ς(T )+ 2ς ′(T )+ ς ′′(T ).
Proof. Let T be a tree, not isomorphic to K1,n and H a nontrivial graph not isomorphic to Kn with g(H) > 2 or diam(H) > 2.
Let SL0(T ), SL1(T ), SL2(T ) be subsets of SL(T ) as defined above. Let h1, h2 be nonadjacent vertices in H and B = {h1, h2}. Let
L(T ) be the set of leaves in T . Let SL2(T ) = {a1, a2, . . . , aς ′′(T )} and A = {u1, u2, . . . , uς ′′(T )} ⊆ L(T ) a set of representatives
of leaves that are adjacent to support vertices from SL2(T ); more precisely, ui is a leaf adjacent to the support vertex ai. Set
C = N(SL1(T )) \ L(T ). We claim that
(SL(T )× B) ∪ (C × B) ∪ (A× {h1})
is a geodetic set of T ◦ H . Let (g, h) be a vertex in V (T ◦ H).
First, let g ∈ L(T ). Then (g, h) obviously lies on a shortest path between vertices (a, h1) and (a, h2), where a is the support
vertex of g . If g ∈ SL0(T ), then by the definition of SL0(T ) either (g, h) ∈ IT◦H((a, h1), (a, h2))where a ∈ SL(T ) and ag ∈ E(T )
or (g, h) ∈ IT◦H((a, h1), (b, h1)) for some a, b from SL(T ) such that g ∈ IT (a, b). In both cases (g, h) lies on a shortest path
between two vertices from SL(T )×B. Now, let g ∈ SL1(T ) and denote by g1 its neighbor from C . Then (g, h) lies on a shortest
path between vertices (g1, h1) and (g1, h2). If g ∈ SL2(T ) then, since T has at least two support vertices, (g, h) clearly lies
on a shortest path between two vertices, where one of them is from A× {h1} and another from SL(T )× B. Finally, consider
g ∈ V (T ) \ (L(T ) ∪ SL(T )). Again, it is easy to see that (g, h) lies on a shortest path between two vertices from SL(T ) × B.
Now, using the fact that the sets SL(T ), A, C are pairwise disjoint we derive
g(T ◦ H) ≤ |(SL(T )× B) ∪ (C × B) ∪ (A× {h1})|
= |SL(T )× B| + |C × B| + |A× {h1}| = 2ς(T )+ 2ς ′(T )+ ς ′′(T ).
It remains to show that g(T ◦ H) ≥ 2ς(T )+ 2ς ′(T )+ ς ′′(T ). First, we claim that there exists a minimum geodetic set D
of T ◦ H with the property |aH ∩ D| = 2 for every vertex a ∈ SL(T ) such that the two vertices from aH ∩ D are nonadjacent.
Assume that D′ is a minimum geodetic set of T ◦ H, a is a vertex in SL(T ) and u a leaf adjacent to a. If |aH ∩ D′| = 0,
then note that |uH ∩ D′| ≥ 3, moreover, there exist two nonadjacent vertices (u, h1) and (u, h2) in uH ∩ D′. Since T is not
isomorphic to K1,n one can easily verify that D = D′ \ {(u, h1), (u, h2)} ∪ {(a, h1), (a, h2)} is a geodetic set of T ◦ H with the
property |aH ∩ D| = 2.
Suppose that |aH ∩ D′| = 1 and let aH ∩ D′ = {(a, h)}. Then again |uH ∩ D′| ≥ 3. Note that (a, h) can only serve as an
end-vertex of an interval between two vertices from D′. Let the other end-vertex be (x, y). Then every vertex that lies in
the open interval between (x, y) and (a, h) lies also in the open interval between (x, y) and a vertex from uH ∩ D′. Hence
D \ {(a, h)} is a geodetic set of T ◦ H . But this contradicts the assumption that D′ is a minimum geodetic set.
Finally, suppose that |aH∩D′| ≥ 3. If vertices from aH∩D′ induce a complete subgraph, then |uH∩D′| ≠ ∅ for every leaf u
adjacentwith a. Similarly as abovewe derive that then alsoD′\(aH∩D′) is a geodetic setwhich contradicts theminimality of
D′. Thus there exist two non-adjacent vertices, say (a, h1) and (a, h2), in aH ∩D′ = {(a, h1), (a, h2), . . . (a, hn)}, n ≥ 3. Now,
bydeleting vertices {(a, h3), (a, h4), . . . (a, hn)} fromD′ and addingn−2vertices from u1H∪· · · ∪uk H (where {u1, u2, . . . , uk}
is the set of leaves adjacent to a) we obtain a geodetic set D with |D| = |D′| and the property |aH ∩ D| = 2 (note that |D|
cannot be strictly less than |D′| by the minimality of D′). Thus the claim is proved.
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Let (g, h) be an arbitrary vertex in V (T ◦ H) \ ((SL1(T ) ∪ SL2(T ))× V (H)). One can observe that (g, h) lies on a shortest
path between two vertices from (SL(T ) × V (H)) ∩ D. Now, consider vertices from (SL1(T ) ∪ SL2(T )) × V (H). Since H is a
nontrivial graph not isomorphic to Kn such that g(H) > 2 or diam(H) > 2, there exists (g, h) ∈ (SL1(T ) ∪ SL2(T ))× V (H)
that cannot lie in any open interval between two vertices from (SL(T ) × V (H)) ∩ D. Since (g, h) lies between two vertices
from D, the vertices from Dmust be arranged in such a way that either (g, h) lies in the open interval between two vertices
(x, h1) and (y, h1)with x, y and g pair-wise different, or (g, h) lies in the open interval between two vertices (d, h1), (d, h2)
where d ∈ NT (g) and h1h2 ∉ E(H). In the first case it is necessary that one of the end-vertices of the interval, say (x, h1),
belongs to xH where x ∈ L(T ) and xg ∈ E(T ). In the second case, by using the fact that D is a minimal geodetic set, we derive
d ∈ N((SL1(T ) ∪ SL2(T ))) \ L(T ). If g ∈ SL1(T ) then it is clear that in D there are two non-adjacent vertices from dH , and if
g ∈ SL2(T ), then minimality of D is ensured when one vertex from D is in xH for some x ∈ L(T ) and xg ∈ E(T ). We derive
|D| ≥ 2ς(T )+ 2ς ′(T )+ ς ′′(T ). 
In the case when T is isomorphic to K1,n and H is such that g(H) > 2 or diam(H) > 2, g(T ◦ H) equals 3 or 4 (we omit
the details).
Proposition 3.2 states that 3g(G) is sharp bound for g(G ◦ H). The characterization of the graphs that attain this bound
seems to be difficult. However, we are able to characterize the family of trees T that attain g(T ◦H) = 3g(T ) for any H with
g(H) > 2 or diam(H) > 2.
Theorem 4.3. Let T be a tree on at least 5 vertices and H a nontrivial graph such that g(H) > 2 or diam(H) > 2. Let SL(T ) be
the support set in T . Then g(T ◦ H) = 3g(T ) if and only if the following conditions are fulfilled:
1. Every vertex in SL(T ) has degree 2.
2. There are no three distinct vertices in SL(T ) with a common neighbor.
Proof. Suppose that T is a tree on at least 5 vertices and H is a non-complete graph such that g(H) > 2 or diam(H) > 2.
Let SL(T ) be a support set in T . Let h1 and h2 be two nonadjacent vertices in H and B = {h1, h2}. Let L(T ) be the set of leaves
in T . Note that a geodetic set S of T ◦ H can be constructed by putting to S one vertex from every H-layer that corresponds
to a leaf of G, and two nonadjacent vertices to every H-layer that corresponds to a support vertex of G. In other words,
S = (L(T )× {h1}) ∪ (SL(T )× B) is a geodetic set of T ◦ H . We derive g(T ◦ H) ≤ |L(T )| + 2|SL(T )| ≤ 3|L(T )| = 3g(T ).
Assuming that g(T ◦ H) = 3g(T )we first prove that the two conditions from the theorem are fulfilled.
Suppose that there exists a vertex a ∈ SL(T ) such that degT (a) ≥ 3. Then either there is more than one leaf attached to
a or there exist b, c ∈ SL(T ) such that a ∈ IT (b, c). In both cases we derive that (SL(T )× B) ∪ ((L(T ) \ {u})× {h1}), where u
is a leaf adjacent to a, is a geodetic set of T ◦ H . Hence g(T ◦ H) < 3g(T ), a contradiction.
Now, suppose that the condition 2 is not fulfilled and let a, b, c be vertices from SL(T ) that have a common neighbor d.
Then we again find a geodetic set with less than 3g(T ) vertices. Namely, we take the construction from the beginning of the
proof again, where instead of putting to S a vertex from each xH-layer for x ∈ L(T ) ∩ (NT (a) ∪ NT (b) ∪ NT (c)), we put to S
two non-adjacent vertices from dH .
To prove the converse suppose that the conditions 1 and 2 from the theorem are fulfilled. Applying the fact that T is a
graph on at least 5 vertices and the first condition we see that T is not isomorphic to K1,n for any n ≥ 1. By Theorem 4.2,
g(T ◦H) = 2ς(T )+2ς ′(T )+ς ′′(T ), where ς(T ), ς ′(T ) and ς ′′(T ) are defined as above. By the second condition, ς ′(T ) = 0,
in other words the set SL1(T ) is empty. Furthermore, also SL0(T ) is empty by the first condition and the fact that T has at
least 5 vertices (namely, if there is a vertex x in SL(T ) that lies in the interval between two other vertices in SL(T ) than
degT (x) ≥ 3, a contradiction, and similarly, if x in SL(T ) is adjacent to some y ∈ SL(T ) than at least one of x and y is of
degree at least 3 since T has at least 5 vertices, a contradiction again). Thus we observe that SL(T ) = SL2(T ) which implies
g(T ◦H) = 3ς(T ). Since T has at least 5 vertices and every vertex in SL(T ) has degree 2, exactly one leaf is attached to every
support vertex which implies g(T ◦ H) = 3g(G). 
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